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An analyt ic  solut ion is obtained for  a p rob lem in the theory  of heat and mass  t r a n s f e r  under 
genera l ized  boundary condit ions.  

The  analyt ic  theory  of heat and mass  t r a n s f e r  was deve loped  in deta i l  by Lykov and others  in [1, 2]. 

In [3] the t e m p e r a t u r e  and m o i s t u r e  d is t r ibut ion was studied in a cap i l l a ry -porons  lamina for ze ro  mass  
flow and for  given t e m p e r a t u r e  on one s ide  and given boundary conditions of the third kind on the other s ide  of 
the  lamina .  A s i m i l a r  p rob lem was solved in [4], the  one d i f fe rence  being that  on the f i r s t  su r f ace  the heat 
flow was given instead of the  t e m p e r a t u r e .  The  p rob lem is of cons iderab le  in te res t  in the theory  of drying;  
it can a l so  be found in the  book of Krasnikov [5]. By using the r e su l t s  of [6] and [7] the exact  solution of the 
p rob l em was obtained and it was shown by numer i ca l  examples  that  the s y s t e m  of equations analyzed in [3] 
may lead to  cons iderable  e r r o r s .  

The  p rob lems  formula ted  in [3] and [4] a r e  ve ry  spec ia l  cases  of the genera l ized  Prudnikov p rob lem [8]; 
it was solved by him by using the Datsev  approach  [9] r ega rd ing ,  f i r s t  of al l ,  the  potentials  on both s ides  of 
the  lamina as given t i m e  functions.  The  s y s t e m  of Vo l t e r r a  in tegra l  equations of the f i r s t  kind was then used 
to  d e t e r m i n e  these  potent ia ls .  T h e s e  equations can, in turn ,  be  reduced to genera l ized  Abel in tegra l  equa-  
t ions and a lso  to a s y s t e m  Vol t e r r a  in tegra l  equations of the second kind. 

In the p resen t  a r t i c l e  an exact analyt ic  solut ion is g iven for  the genera l ized  Prudnikov p rob lem [8] which 
one can eas i ly  p r o g r a m  for  a digital computer .  The solution is sought of the Lykov sys tem:  

001 (X, Fo) = O~Oa (X, Fo) Ko* 003 (X, Fo) 
) 

0 Fo OX ~ 0 Fo 

002(X, Fo) -- Lu 0202(X, Fo) LuPn. 0z0~(X' Fo) 
O Fo ~ 0 X ~ OX 2 

under the initial  conditions 

and the  boundary conditions 

(1) 

(2) 

O k(X, 0 ) = 0 ,  k = l ,  2 (3) 

~ {Km,n0h(0, Fo)+Km,h+2 00k(0' Fo) I (Fo), m = l  2, 
OX I : 'p'~ 

k~ 1 

Z m+~,h 0~ (1, Fo) + K~+2,k+2 OX = q~,n+~ (Fo), m = 1, 2 

where  Km,k is the  to ta l i ty  of s i m i l a r i t y  c r i t e r i a  maintaining a constant  value during the ent i re  heat and mass  
t r a n s f e r .  

By applying the  Laplace  t r a n s f o r m  to the s y s t e m  (1)-(2) toge ther  with the init ial  conditions (3), so-  
lutions were  obtained in [10] in the opera to r  f o r m  [p. 117, Eqs~ ( 4 -  2 -  5) and ( 4 -  2 -  6)] which we now r e -  
wr i te  in a m o r e  sui table  f o r m :  
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where  

~ ( x ,  s )=  ( O~- - t  ~ t - ,  {Cscos(OfiVs X) + C~+~sin(ofiV~ X)}, 
Z \  Ko* / 
1=1 

k = l ,  2, 

O] = 1/2 { 1 +Ko* Pn + 1/Lu + (--1)f V (1 + Ko* Pn + 1/Lu)~--4/Lu }, 
j = l ,  2. 

(6) 

(7) 

T h e  new cons tants  Cj and Cj +2 a r e  now d e t e r m i n e d  f r o m  the  condi t ion that  the  t r a n s f o r m  mus t  s a t i s fy  
the  bounda ry  condi t ions  

2 
(~,~jcs + 8 . ~ o / g s C ~ J  = ~ (s), m = ~, 2, 

1=1 
2 

(A~ (i Vs)  G + B~s (i V s )  o~iV~ c~§ = ~ + ,  (s), m = 1, 2, 
i=l 

where 

(s) 

(o) 

r --1 
%d = Kin,, + Ko* Km,v 8mi = Km,a + @~ 1 Ko* Kin,4, 

A.,~ (i Vs )  = %,o cos (%i l / s )  --  8 ~ j o / U s  sin (%~ V~), 

sin (Off V / )  - 
B~j (i l / s )  = %j %~ U s  + 8~s cos (t%i V s ). 

(lO) 

(11) 

(12) 

~ (X, s) = 

w h e r e  

The  c a s e  of cons tant  ex te rna l  f o r ce s  ~0 m and ~0m +2 wil l  be cons ide red  below.  
Cj +2 f r o m  (8) and (9), the  so lu t ion  (6) is r e w r i t t e n  as follows : 

sD(iV-s) ~= \ ~ ]  {Ds(iV-s) c~ 

Having determined Cj and 

sin (oji FsX) ~ (13) 
%i V s  J 

~11 al~ 811 8~ 
, %1 %2 821 82~ (14) 

D(i l ; s )  = Aai(iV-s) A32(iV~s) Bal(iV-s) B~2(i ]/s) ' 

! A4~ (i Us) A~ (i Us) B~I (i V's) B4, (i Vs )  
and Dj ( i ~ )  is the  de t e rm i na n t  obtained f r o m  D (iriS-) by  r ep l ac ing  the  j - t h  co lumn by the  r i gh t -hand  s ides  of 
the  s y s t e m  (8)-(9) in the  c a s e  of the  cons tan ts  ~o m and ~0m +2. 

To  be able  to  go back  to  the  or ig ina ls  one can  apply the  expans ion  t h e o r e m  [10], s i nce  the  so lu t ion  (13) 
r e p r e s e n t s  a r a t i o  of two ge ne ra l i z e d  po lynomia l s .  The  c o m m o n  d e n o m i n a t o r  sD ( i ~ )  has s = 0, a z e r o  roo t ,  
and s = Sn, an  infinite se t  of r oo t s ,  which sa t i s fy  the  c h a r a c t e r i s t i c  equat ion 

D (~t~) = 0, (15) 

w h e r e  ~n = i4~n-  

Having c a r r i e d  out the  n e c e s s a r y  ca lcu la t ions ,  one obtains for  the  nons ta t iona ry  potent ia l  d i s t r ibu t ion  

1 2 ( 02--1)k-x 0~(X, Fo) D(O) i=, \K~-o* ] {Dj(O)+DJ+2(O)X}-- 

ex- (--~t 2 Fo) - -  {D s (~t.) cos (Os,u.X) + Ds+ ~ (~t) sin (Os~.X) k = 1, 2, (1 6) 

r (~t~) = O~ {Dpl (~)  + Dpa (~t.)} + O~ {Dm (~t.) + Dp4 (~t.)}, (17) 

w h e r e  

and Dp~(~n) is the determinant obtained from D(~n ) by replacing the j-th column by the column {0, O, P3j(~n), 
P4j (Un)}. 
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The express ions  needed for  computing Dj (0), Dj(#n), and Dpj (~n) a r e  given by 

Amj (0) = %,i, Am~ (lan) = am~ cos (~p..) - -  ~mj~AX. sin (~jtx.), (18) 

sin ( ~ t . )  _+_ ~m.* cos (~jlLt,,), (19) Bmj (0) = ~,.j +.~,~j, B,.j (~.) = %,j ejt~. 

P,n~ (,%) = (r162 + ~,,,j) sin (t~jtt,). + [Sm.~ cos (~j~t~), (20) 

( ) sin(~,j,.) P,~,~+~ (~t=) = am1 + g,,~ amJ cos (ej~t,). (21) 
2 2 9 9 

The obtained solution (16) can only be used in the case  of D(0) ~ 0 and only for the constants q~m and 
q~m +z. In the case  of the external  potentials ~am(Fo) and ~ m  +2(F~ being given as functions of t ime  the solu-  
t ion must  be t r ans fo rmed  s imi la r ly  as in [11]. 

One finds that it is easy to  p rog ram the solution (16) for a digital computer  all  the more  since the re  a re  
subprograms  available for  the evaluation of de te rminants .  An at tempt  by the author of [4] to  solve a par t icu lar  
ease  of the problem under considerat ion by using Laplace t r ans fo rms  proved unsuccessful ,  s ince the expand- 
ing of the de terminants  led to  some very  cumbersome  expressions~ 

N O T A T I O N  

X, dimensionless  coordinate;  Fo, Four ie r  number;  01, d imensionless  t empera tu re ;  02, dimensionless  
potential of t r a n s f e r  of mat te r ;  Ko*, modified Kossovich c r i te r ion ;  Lu, Lykov c r i te r ion ;  Pn, Posnov c r i -  
t e r ion ;  Km,k, total i ty  of s imi la r i ty  c r i t e r i a ;  ~0m, q0m+2, external  potentials .  
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